Nonequilibrium steady states are investigated in a coupled cavity QED array system which is pumped by a thermal bath and dissipated through cavity loss. In the coherent (non-zero photon amplitude) phase, plateau regions appear, where the steady states become unchanged against the variation of the chemical potential of the thermal bath. The cavity loss plays a crucial role for the plateaus: the plateaus appear only if the cavity loss exists, and the photon leakage current, which is induced by the loss, is essential to the mechanism of the plateaus.
Introduction.-In recent years, much attention has been paid to coupled cavity QED arrays. In these systems, the effective photon-photon interaction in each cavity and photon hopping between cavities lead to rich quantum many-body phenomena of photons [1, 2] . For example, in equilibrium states, these systems exhibit quantum phase transitions between the "incoherent (or Mott insulator)" and "coherent (or superfluid)" phases [3] [4] [5] [6] [7] [8] [9] [10] . Nonequilibrium states in these systems have been also investigated [11] [12] [13] [14] [15] [16] [17] [18] [19] . Most of the works have focused on the nonequilibrium effects of the pumping and dissipation on the properties observed in equilibrium states; e.g., signatures of the two phases in nonequilibrium states. However, phenomena genuinely characteristic to nonequilibrium states in the systems remain unexplored.
Apart from the coupled cavity QED array, examples of this kind of phenomena are seen in "nonequilibrium phase transitions," such as the pattern formation outside equilibrium [20] , dissipative structure [21] , and lasing phenomena [22] . These are observed not in equilibrium states but only in nonequilibrium states. It is important to find such phenomena from the viewpoint that they can be used as test models for nonequilibrium statistical mechanics and thermodynamics.
In this paper, we report that another genuine nonequilibrium phenomenon can occur in a coupled cavity QED array that is pumped by a thermal bath and dissipated through cavity loss. We find that in the coherent phase there exist plateau regions where the states of the array system becomes unchanged to the variation of the chemical potential of the thermal bath. We show that the plateau emerges only if the cavity loss (dissipation) exists, which implies that the nonequilibrium effect is crucial for this phenomenon.
Setup.-We consider a cavity array that is connected to two baths. An illustration of the total system (array + baths) is shown in Fig. 1 . Each cavity contains a two-level system (TLS) which is continuously excited through the coupling (excitation exchange) with the pumping bath (TLS bath). The pumping bath is in an equilibrium , and a photon bath (vacuum state). Each cavity photon couples with a two-level system (TLS) (coupling constant g), with neighboring cavity photons (hopping constant τ ), and with the photon bath (which induces the cavity loss κ). Each TLS is incoherently pumped (rate γ) by the pumping bath.
state characterized by the chemical potential µ B and inverse temperature β. Thus the TLSs in the cavity array are incoherently pumped (rate γ). The photon mode in each cavity interacts with the TLS in the cavity (coupling constant g) and is coupled with the photons in the neighboring cavities through mode overlap (hopping constant τ ). It is also coupled with the photon bath (vacuum), which induces the cavity loss κ.
The coupled cavity QED array is described by the Jaynes-Cummings-Hubbard Hamiltonian ( = 1) [3] :
where i and j represent the site indices of the cavities, σ
are the raising and lowering operators of the TLS, andâ † i andâ i are the creation and annihilation operators of the cavity photon in the ith cavity. The first term in Eq. (1) is the Jaynes-Cummings Hamiltonian for single cavities given by Eq. (2) , and the second term is the hopping of the photons between the neighboring cavities ( ij means the nearest neighbor sites). We assume that the transition frequency of the TLS and the cavity frequency are resonant and the same for all of the cavities (denoted by ω 0 ).
To obtain insight over the steady-state properties of the pumped-dissipative system, we employ a meanfield (MF) approximation and quantum master equation (QME). We introduce the steady-state average photon field ψ(t) ≡ â i ss as the mean field. We assume that it oscillates with a single frequency µ in the rest frame: ψ(t) = ψe −iµt , where the amplitude ψ is a real number. After using the MF approximation [3] and transforming into the rotating frame with µ, we take the trace over the baths and use the Born-Markov approximation. Then we have the QME in the Shrödinger picture (within the rotating frame) [23] : dρ/dt = Lρ, wherẽ ρ is the density matrix of the array system in the rotating frame. The QME superoperator L is given by L = −i K S , + L TLS + L ph , whereK S is the effective system Hamiltonian in the rotating frame, and L TLS and L ph are the superoperators associated with the TLS and photon baths, respectively. We will describe the details in the last part of this paper. We determine the steadystate solutionρ ss (ψ, µ) in the rotating frame by
Note that the solutionρ ss depends on ψ and µ. Then we have the self-consistent equation for the mean field:
By solving Eqs. (3) and (4) numerically, we determine the values of ψ and µ, and obtain the steady-state density matrixρ ss of the MF-QME for the pumped-dissipative cavity QED array system. For the numerical calculation we set the cutoff for the maximum photon number in the cavity to 10. Phase diagram.-First we investigate a phase diagram of the nonequilibrium steady states in the array system by employing ψ as the order parameter. Figure 2 depicts the regions for ψ = 0 and ψ = 0 as a function of the hopping constant τ and the chemical potential µ B of the TLS bath. We refer to the region with ψ = 0 as incoherent phase and to the region with ψ = 0 as coherent phase. For comparison, we also show the phase boundary in the equilibrium states (κ = 0) by the dotted curve.
In small µ B (weak pumping) regime, the phase boundary is almost the same as that of the equilibrium states. This implies that the array system is nearly equilibrium in this regime.
In larger µ B (strong pumping) regime, by contrast, the coherent phase region shrinks compared with the equilibrium case. This results from a nonequilibrium effect; in this regime, the number of the cavity photons increases, so that the effect of the cavity loss becomes larger. Since the loss destroys the coherence of the system, the area of the coherent phase decreases in this regime.
Main result.-In Fig. 3 (a), we plot µ B -dependence of the frequency µ and the average photon number per cavity N ph ss ≡ Tr S [ρ ssâ †â ] in the coherent phase along the dashed line in Fig. 2 [24] . In small µ B (weak pumping) regime, we observe µ ≃ µ B . We note that in the equilibrium states µ = µ B holds. Therefore this result is consistent with the fact that the array system is near to equilibrium in this regime.
In larger µ B regime, we observe plateaus both in µ and N ph ss ; i.e., there are regions of µ B where µ and N ph ss take constant values. We numerically confirm that the steady-state density matrixρ ss itself is unchanged in the plateau regions. We note that the cavity loss is crucial for the emergence of the plateaus because µ = µ B holds for κ = 0 (in the equilibrium states). Furthermore, in the supplement [25] , we will show that the chemical potential at the beginning of the first plateau [pointed with the up arrow in Fig. 3(a) ] increases as κ decreases and that it enters the unstable region [8] in the limit of κ → 0. These cavity-loss induced plateaus, which are our main findings in this paper, seem counterintuitive since the loss usually smears out (rather than generates) sharp-cut phenomena. We also note that the incoherent pumping is necessary to observe the plateaus because we see them in the dependence on µ B . The emergence of the plateaus implies that the properties of the cavity QED array system are completely stable to the uncertainty of µ B ; for example, photoluminescence spectrum and photon statistics as well as µ and N ph ss are unchanged with the variation of µ B within the plateaus.
Mechanism.-We here discuss the mechanism of the plateaus. For this purpose, we investigate the relationship of the plateaus with the currents and energy differences.
As we mentioned, the plateaus are induced by the cavity loss. This leads us to expect that quantities directly related to the cavity loss are essential to the mechanism. A typical one is the photon current that leaks to the photon bath. Therefore we first investigate the relationship with the currents.
In Fig. 3(b) , we plot the currents: J ph holds in the steady states). Next we investigate the relationship with the energy differences. As we mentioned, the plateaus are observed in the dependence on the chemical potential µ B . In the QME, especially in the superoperator L TLS , µ B − µ (rather than µ B itself) and the eigenenergy differences appear [see the below of Eq. (6)]. Therefore we investigate µ B − µ and the eigenenergy differences.
In Fig. 3(c) , we plot µ B − µ and E q − E q−1 , where E q (q = 0, 1, 2, 3) are the eigenenergies for the ground and qth excited states of the effective HamiltonianK S . We observe that E 1 − E 0 and E 3 − E 2 cross with µ B − µ respectively at the ends of the first and second plateaus, whereas E 2 − E 1 crosses with µ B − µ in the transition region between the first and second plateaus.
From these observations, we have a following mechanism scenario of the plateaus. First we discuss the first plateau. When µ B − µ < E 1 − E 0 , i.e., before the end of the first plateau, the ground state is the only channel available for pumping from the TLS bath. Before the first plateau starts, J in TLS is a convex function of µ B , whereas J out ph is almost proportional to µ B . These behaviors of the currents possibly result from the fact that, for each single pumping channel,σ +σ− is bounded above whereasâ †â is not. Due to these behaviors, J Similarly, the beginning of the second plateau is the point where J out ph catches up with J in TLS again. In this case, we should note that µ B − µ crosses with E 2 − E 1 before the second plateau starts. Thus we do not observe the end of the plateau at this point although the pumping channel of the second excited state opens. Instead, we observe the effect of this channel open as the jumps in N ph ss [ Fig. 3(a) ] and in the currents [ Fig. 3(b) ]. The end of the second plateau is the point where µ B −µ crosses with E 3 − E 2 and the pumping channel of the third excited state opens.
Finally we remark that in the plateau regions the input excitation of the TLSs is almost perfectly converted to the output of the photons because J in TLS ≃ J out ph holds there. In this sense, conversion efficiency of this system in the plateaus is nearly 100%.
Details of the MF-QME.-The Hamiltonian of the total system (array + baths) is given byĤ tot =Ĥ S + H and photon baths including the system-bath interactions. We assume that the baths are sufficiently larger than the array system, so that the TLS bath remains in the equilibrium state with µ B and β and the photon bath remains in the vacuum. We obtain the MF-QME for the array system as follows.
First, we explain the MF approximation. As we mentioned before, we introduce the oscillating photon field as the mean field: ψ(t) ≡ â i ss = ψe −iµt . Then we use the MF approximation [3] 
2 . Substituting this into the second term in Eq. (1), we obtain the MF system Hamiltonian as a sum over the single sites. We can thus reduce the problem to the single-site one, and will omit the site index:
, where z is the number of the nearest neighbor sites. Furthermore, by transforming into the rotating frame with the frequency µ, we eliminate the time dependence inĤ MF S ; i.e.,H
†â +σ +σ− is the total number of photon and TLS excitations in the cavity, and N bath is the excitation number in the baths. Then we have the von Neumann equation for the density matrixρ tot of the total system in the rotating frame as
Next, we explain the QME. Starting from the above von Neumann equation, we take the trace over the baths and use the Born-Markov approximation to obtain the QME in the Shrödinger picture (within the rotating frame) [23] : dρ/dt = Lρ, whereρ = Tr bathρtot and
− µN S is the effective system Hamiltonian in the rotating frame. The superoperator L ph associated with the photon bath is given by
where κ is the cavity loss rate. To rewrite the superoperator L TLS associated with the TLS bath into a tractable form, we introduce eigenoperators ofK S as follows. We denote byP (E q ) the projection operator onto the eigenspace belonging to E q (eigenvalue ofK S ). Then we define eigenoperators:σ
Here γ is the pumping rate, the ω-sum is over the eigenvalue differences, f + (ω) = 1/{1 + exp β[ω − (µ B − µ)]} is the Fermi distribution function, and f − (ω) = 1 − f + (ω). Note that, if the cavity loss is absent (κ = 0), L TLS leads the array system to the equilibrium state with the chemical potential µ B and inverse temperature β.
Conclusion.-We have investigated the nonequilibrium steady states in a coupled cavity QED array system that is incoherently pumped by a thermal bath for the TLS and dissipated by the vacuum of the photon. We have determined a steady-state phase diagram by employing the photon amplitude ψ as the order parameter. In the coherent phase (region with ψ = 0), we have found that there exist cavity-loss induced plateaus where the state of the array system becomes unchanged as a function of the chemical potential µ B of the TLS bath. We have proposed a mechanism of the plateaus. There are two essential elements in the proposed mechanism: one is the existence of discrete energy levels (or energy gap) in the system, and the other is that the output current to one of the baths can catch up with the input current from the other bath (the bounded excitation number of the TLS and unbounded photon number would be the origin in our case). Therefore, if our scenario is correct, similar plateau phenomena should be observed in other systems which have these elements. Here we investigate the dependence of the first plateau on the cavity loss κ to obtain data that support the essentiality of the cavity loss for the plateaus. We denote the chemical potential at the beginning of the first plateau by µ 1st B , which is pointed with the up arrow in Fig. 3(a) . We plot µ 1st B (circle symbols) as a function of κ in Fig. A . We observe that µ 1st B increases as κ becomes smaller. This is consistent with the essentiality of the cavity loss for the plateaus.
We also evaluate µ 1st B from the equilibrium state as follows. As we mentioned in the main text, we can identify µ B − ω 0 )/g converges to −zτ /g in the limit of κ → 0. At first glance this may look inconsistent with the essentiality of the cavity loss for the plateaus. However, in the equilibrium case, the region with (µ B − ω 0 )/g ≥ −zτ /g is unstable [1] . Therefore we conclude that the plateaus do not appear in the equilibrium situation (κ = 0). We thus show that the results in this supplement support the essentiality. 
